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The quadratic reciprocity law
and the Gauss—Schering lemma

Heng Huat Chan and Teoh Guan Chua

ABSTRACT. In this article, we present a proof of the Gauss—Schering Lemma
using the Quadratic Reciprocity Laws for the Jacobi symbol.

1. Introduction
DEFINITION 1.1 (Legendre symbol). Let p be an odd prime. The Legendre
symbol (E) is defined to be
P/

0 if (a,p) # 1,
a
(—> =<1 if z2=a (mod p) is solvable,
P/r -1 otherwise.
The main part of the famous Gauss’s Law of Quadratic Reciprocity is the
following.

THEOREM 1.2 (Law of Quadratic Reciprocity). If p and q are distinct odd
primes then

(1.1) (§>L (%)L _ (1)e-Da-n/

There are many proofs of (LI} and several of these proofs involve a lemma,
now known as Gauss’s Lemma. Before we state Gauss’s Lemma, we introduce some
notations.

Let
rn(s) = the least non-negative residue of s modulo n,
H, ={jll<j<(n—-1)/2},
San = {rn(aj)li € Hn},
and

p(a,n) = [{s € Sa,n‘s ¢ Hp}l.

Gauss’s Lemma gives a relation between the Legendre symbol and p(a, p).
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LEMMA 1.3 (Gauss’s Lemma). Let p be an odd prime number and a be any
positive integer such that (a,p) = 1. Then

(), -

A usual proof of Lemma [[3] uses Euler’s criterion which states that (see for
example [5l p. 101, Corollary 2.38])

(1.2) (9> = a®D/2 (mod p).
b/
REMARK 1.4. Another proof of Gauss’s Lemma which involves the “transfer

map” in group theory can be found in [10] p. 91, Section 7.3].

The Legendre symbol has a natural extension to composite odd positive inte-
gers. It is now known as the Jacobi symbol.

DEFINITION 1.5 (Jacobi symbol). Let a be any integer. The Jacobi symbol
(%) is defined for odd positive integer b by

J

. k a
ifb=1[_1p;"
Surprisingly, the Jacobi symbol satisfies a relation similar to (LI).

THEOREM 1.6 (Law of Quadratic Reciprocity for the Jacobi symbol). If a and
b are odd positive integers satisfying (a,b) =1, then

(1.3) (%)J G)J — (—1)@- D1/,

REMARK 1.7. The proof of ([L3]) follows from (II]) and requires only the simple
congruence
a—1 b—1 _ ab—-1
5 + 5 =5 (mod 2),
where a and b are odd positive integers. See [5] p. 145] for more details.

Since the discovery of (L3J), there are proofs of (L3]) which are independent
of (). Two of the earliest published works on proving (3] directly are due to M.
Jenkins [3] and E. Schering [8] (see also [4] for a modern treatment of Schering’s
work). Both Jenkins and Schering used a lemma analogous to Lemma [[3] but
Schering’s version is an exact analogue of Lemma with the prime p replaced
by a composite odd positive integer b. As such, the following lemma is sometimes
known as Gauss—Schering Lemma (see [2]).

LEMMA 1.8 (Gauss—Schering Lemma). Let b be a positive odd integer and a be
any positive integer such that (a,b) = 1. Then

(5), - e
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The beauty of Lemma [[.§ is that it is exactly Lemma [[.3] with the prime p
replaced by a composite odd positive integer b. The proofs of Lemma [[.3] however,
cannot be adapted to prove Lemmal[l.8 This is due to the fact that Euler’s criterion
(T2 is false when the prime p is replaced by a composite odd integer n. Since (I3)
follows from (I1]), we would like to know if we could deduce Lemma [[.8 from (L3).
This will be discussed in the next section.

2. A proof of the Gauss—Schering Lemma

One of the proofs of ([II)) which is due to Eisenstein (see [9, p. 10]) uses the
following trigonometric identity:

LEMMA 2.1. Let m be an odd positive integer. Then

sinmz 27j
2.1 = (20)™! in® == ).
2.1) sin x H (sm T m )

JEH

Lemma 2.1] can be proved using the identity

m

2™ —1= H(w—(ﬁ;l),

j=1
where (,, = e*™/™ where m is odd. By writing the identity in terms of the sine
function, one arrives at the identity
(m—1)/2
sinmaz = (20)™ 'sinz H sin(z — 275 /m) sin(x + 275 /m)
j=1
and Lemma [2.]] follows by using the identity
sin(a + b) sin(a — b) = (sina + sinb)(sina — sin b).

We now use Lemma [ZT] to show the following;:

LEMMA 2.2. Let a and b be odd positive integers such that (a,b) = 1. Then

sin(2asm/b) __jyuad)
H sin(2sm/b) =) '

sE€H,
PRrROOF. Let
S1={s|s € Sap N Hp}
and
So ={b—s|s € Sy but s & Hp}.

Note that |Se| = u(a,b).
If s € S; then sin(2asw/m) = sin(2unr/m) for some u € Hy. If s € Sy then
sin(2asm/m) = — sin(2uw/m) for some u € Hy. Note that since S; U Se = Hy,

H sin(2aum/b) = (—1)#(@b) H sin(2un/b),

u€Hy u€Hy

and this completes the proof of the lemma. O
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Reversing the roles of a and b, we find by Lemma that
I sin(btr/a) = (—1)*®*) T sin(2tr/a).
teH, teH,
By Lemma [2.T] we conclude that

(_1);L(a,b)+u(b,a) — (_1)u(a ,b)— (b, a) _ H H Sln 287T/b — sin (27Tt/a)

sei, ted, sin?(2t7/a) — sin?(2s7/b)

— (_1)(a71)(b71)/4.
By ([L3),
J J

a

We are now ready to prove Lemma [[L8 Let g be an odd prime and b be any
positive odd integer such that (b,¢) = 1. Then by Lemma [[.3] we find that

(9) — (_1)u(b7q).
4/
By ([22)), we conclude that

9\ _ _qyulab)
(2.3) (b)J (—1)H(a:b),

Next, suppose a is any odd positive integer. Since (a,b) = 1, by the Dirichlet
Theorem on primes in arithmetic progression (see for example [I, Chapter 7)), there
exists a prime @ of the form a + bn. By (Z3)),

oy _ (L) Z _pm@n
(b)J_(b)J_( 2 '
But 4(Q,b) = u(a,b) since Sgp = Sq,p Therefore,

(%) = (—1)nad)

and the proof of Lemma [[.8 is complete.

3. Two representations of the Jacobi symbol

In this section, we mention two other representations of the Jacobi symbol.
These representations were established in the literature to provide direct proofs
of ([L3). We will deduce these representations from Lemma [[.8

THEOREM 3.1. Let |x| denote the largest integer less than x, where x is any
real number. Define

s(a,b) = (bi/z {%J

and

7j=1
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If a and b are odd positive integers such that (a,b) = 1, then

a
3.1 (—) = (—1)(@b)
(31) %) =)
(3.2) = (—1)tab),
PROOF. For each j € Hy, and odd positive integer a, write
(3.3) Jja=qsb+r;
with 1 < r; <b— 1. Rewrite ja as
ja: ij"_'r'j if T EHb,
gib+b—s; ifr;=0—s; € Hy.

Note that s; € Hy, and that there are exactly p(a, b) number of j such that r; ¢ Hp,.
Therefore,

(b—1)/2 (b—1)/2
aZj_qu]—Fb,uab er—Zsk
r; €EHy rr ¢ Hy
(b—1)/2 (b—1)/2
Z q; + p(a,b) + Z Jj  (mod 2),
j=1

where in the last relation, we have used the fact that

{rjlr; € Hy} U{sglry =b— s, & Hy} = Hy

er—ZskEZr] Zsk (mod 2).

’r’jEHb re€Hy T’jEHb reHy
This implies that

and

(b—1)/2 .
3 L%J = pu(a,b) (mod 2),
j=1

and hence

(3.4) (%)J — (_1)u(a,b) — (_1)s(a,b).

This completes the proof of BII).

To prove (B2), we return to (B3) and write

2ia — 2qj'b+2’l”j = L2ja/bﬂ)+27"j if T € Hy,

(2q; + 1)b+b—2s; = [2ja/blb+ b — 2s; ifr;=b—s; ¢ Hy.
The second case holds since
b+1<2r; =2b—2s; <2b
implies that
2ja=(2¢; +1)b+b—2s;,1 <b—2s; <b.
Hence
(b—1)/2 (b—1)/2

2a Z j=b Z {%GJ%— Z 2r; 4+ bu(a,b) + 2 Z s; (mod 2),

’I‘jEHb Tngb
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which implies that

@J = p(a,b) (mod 2)

D

Jj=1

(b—1)/2
K

and the proof of [B2)) is complete. O

REMARK 3.2. The identity ([8.2) appears in the work of H. Rademacher in his
study of the Dedekind sum [6] p. 159]. Rademacher established (B:2]) using the reci-
procity relations satisfied by the Dedekind sum. He then proved ([3) using (32)).

There is another way of proving Lemma [[.8 without the use of (3] due to
E. 1. Zolotarev [12]. Zolotarev’s proof took a different approach from Schering’s
proof. He defined

(%), =senna),

where A, is the permutation of Z/bZ which sends [z], to [ax],, and sgn(o) is
the “signum” of the permutation o. Zolotarev then showed that for odd positive
integers a and b satisfying (a,b) = 1,

(), -
()= (),

For a modern treatment of Zolotarev’s work, see [7] and [11].

and
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